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Abstract — The interaction of intruding objects with deformable materials arises in many
contexts, including locomotion in fluids and loose media, impact and penetration problems,
and geospace applications. Despite the complex constitutive behaviour of granular media,
forces on arbitrarily granular intruders are observed to obey surprisingly simple, yet empir-
ical ‘resistive force hypotheses’. The physics of this macroscale reduction, and how it might
play out in other media, has however remained elusive. Here, we show that all resistive force
hypotheses in grains arise from local frictional yielding, revealing a novel invariance within
a class of plasticity models. This mechanical foundation, supported by numerical and ex-
perimental validations, leads to a general analytical criterion to determine which rheologies
can obey resistive force hypotheses. We use it to explain why viscous fluids are observed to
perform worse than grains, and to predict a new family of resistive-force-obeying materials,
cohesive media such as pastes, gels and muds.
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The interaction of solid objects with a surrounding, plastically-deforming media is a common
aspect of many natural and man-made processes. In the animal world, when organisms undulate,
pulse, crawl, burrow, walk, or run on loose terrain they implicitly deform their environment to
produce propulsive reaction forces giving rise to their motion1. The physics of such interactions
has been studied over a broad range of species, including aquatic organisms2, 3, small insects and
lizards4, 5, as well as humans and other legged-mammals6, 7. Similar principles are used for robotic
applications to design machines that run8, fly9, swim10, or walk in fluids or sand11, 12. Such complex
interactions are also key to modeling vehicular locomotion on granular substrates, excavation in
sand and soil13, 14, and similar problems in extra-planetary conditions15, 16. These topics and others,
including cratering dynamics and penetration in plastic solids17, 18, all depend crucially on the way
local material properties produce global resistive forces on arbitrary intruders.
Inspired by a related rule-set for swimming micro-organisms at low Reynolds numbers10, 19–21,
a modified and wholly-empirical Resistive Force Theory (RFT) for granular materials has been
proposed to estimate forces on intruding surfaces moving through granular media5, 22, 23. Its use in
these experimental studies show that RFT is a very strong approximation in granular media, often
stronger than the corresponding version for linear viscous fluids24. The simplicity of the method
and its effectiveness are remarkable in light of the complex constitutive properties observed of
granular matter, including nonlinearity, history-dependence, and nonlocality25–29. Being more of a
hypothesis than a theory due to lack of a physical or mathematical explanation, new physics must
be understood to explain how granular media, a complex system locally, is explained by such a
simple rule-set globally.
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Herein we show that granular RFT arises as a consequence of two of the most salient me-
chanical features of dry granular media: a frictional yield criterion and no cohesion. A continuum
theory based on these hypotheses is implemented numerically to study many 2D and 3D intrusion
cases and the results show rather conclusively that: (i) the continuum model quantitatively predicts
existing experimental intrusion data and corresponding experimental RFT input data, (ii) the con-
tinuum model reproduces the surface-level superposition rules postulated by RFT on global bodies,
and (iii) by comparing to analogous viscous flow problems, the fundamental superposition concept
is stronger in the granular model. Then, by performing an analysis of our continuum system, we
obtain an explanation as to why the RFT approximation is so strong in granular media and why it
is less so for viscous fluids. In so doing we identify new fundamental RFT formulas, which relate
the experimental RFT inputs to measurable properties like granular density, friction coefficient,
and the gravitational acceleration, which could be exploited in experimentally challenging circum-
stances such as locomotion in micro-gravity. Our analytical approach leads to a general criterion
to determine constitutive models capable of possessing an RFT-like reduction. To demonstrate this
newfound capability, we use it to predict that purely cohesive media can also sustain a strong RFT.
We then confirm this directly, using a set of full-scale finite-element simulations of intrusion in a
cohesive yield stress fluid.
Background on Granular Resistive Force Theory
In recent experimental studies of arbitrarily-shaped intruders moving in granular beds, it was de-
termined that the resistive force against intruder motion is rather well represented by a simple
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superposition principle23; the intruder boundary can be decomposed into a connected collection of
differential planar elements and the total resistive force is deemed equal to the sum of the resistive
forces on each element as if it were moving steadily on its own. For concreteness, let us consider
first the problem of an arbitrarily shaped quasi-2D intruder of thicknessD buried in a granular bed;
we will generalize this approach to 3D in the upcoming sections. Gravity points in the zˆ direction,
z = 0 represents the granular surface. Formally, a surface element is on the leading surface if a
ray along its velocity vector does not intersect another point on the surface. For any subset S of
the leading surface of the intruder, RFT is defined by the claim that when the body is moving in
the xz-plane the resistive force (fx, fz) on S is well-approximated by
(fx, fz) =
∫
S
(
αx(β, γ), αz(β, γ)
)
H(z) z dS (1)
where β is the orientation angle (attack angle) of the differential surface element and γ is the angle
of the velocity vector (intrusion angle) of the element, both measured from the horizontal. The key
ingredient in RFT is the selection of the functions αx and αz, which is done experimentally from
force data for small intruding flat plates under various γ and β conditions. The term H(z)z, for H
the Heaviside function, removes resistive force above the free surface and increases the resistance
linearly with depth.
The effectiveness Eq. 1 is unexpected for many reasons. At first glance, it appears to be
motivated by the assumption of a lithostatic pressure distribution, σij = −ρgzδij , surrounding the
moving intruder. However, this assumption is strongly incorrect. DEM simulations of buried gran-
ular intruders30, experimental data31, as well as our own simulations (see Supplemental Materials)
contradict this assumption rather significantly. Experiments show the stress on a moving intruder
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deviates from lithostatic by as much as a factor of 30 in granular media31. The deviation from a
linearly varying pressure field is pronounced everywhere the material is moving31, and continues
over a distance into the static zones (e.g. Supplemental Materials, Fig. S2). Additionally, the
superposition property of Eq. 1 assumes that the force on a segment of the leading surface de-
pends only on its position, orientation, and motion direction, with no cross correlation of resistive
forces whatsoever between the different segments. This is a significant unproven assumption and
the major source of simplification in RFT. The strength of this assumption in grains is unexpected
in light of the more de-localized nature of force and motion in other materials; in linearly viscous
fluids, for example, the Stokeslet boundary integral formula requires that the motion at any point
on a submerged surface depend on the resistive force distribution over the entire surface, weighted
inversely by distance. For these reasons, the surprising accuracy of Eq. 1 in practice has remained
an open physical question since its introduction.
Frictional plastic rheology
To obtain deformation and stress within a continuous body of grains, we consider a constitutive
behavior in line with the following basic assumptions: (i) We assume a constant internal friction
coefficient, µc, to relate the scalar shear stress and pressure during plastic flow. (ii) We assume a
rapid approach to the critical-state of volume-conserving flow25 — granular dilation is typically
only a few percent regardless — such that plastically flowing and rigid media are assumed to
be at some close-packed density, ρc. (iii) We append an ‘opening behavior’ that lets material
expand volumetrically (i.e. lets ρ < ρc) when an element attempts to enter a state of tension,
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to model the cohesionless granular disconnection response. Open states often occur in the wake
of a moving intruder, before material from above collapses back down to ρc as discussed in the
Supplemental Information (Section S1) in detail. The bare-bones model we propose, with ρc and
µc as the sole parameters, does not account for rate-sensitivity, evolving strength/porosity during
flow, fabric anisotropy, or nonlocal effects based on particle size, which are all known to exist. The
mathematical details of this model, which we shall refer to as frictional plasticity, are given next.
The Supplemental Materials provides a discussion of the possible relevance of the other modeling
complexities just mentioned.
Details of the continuum approach
The strain-rate tensor is defined from the spatial velocity field, vi, byDij = (∂vi/∂xj+∂vj/∂xi)/2.
We define the scalar (equivalent) shear-rate as γ˙ =
√
2D′ijD
′
ij where D
′
ij = Dij − δijDkk/3 is the
strain-rate deviator. Assuming that the Cauchy stress, σij , is co-directional with the strain-rate, and
that the Drucker-Prager yield criterion is satisfied during yielding, we write
σij = −Pδij + 2µcPD′ij/γ˙ if γ˙, P > 0. (2)
In the above, P = −σkk/3 is the isotropic pressure. Whenever γ˙, P > 0, we assert incompressible
plastic flow (Dkk = 0) such that the density of the packing remains at ρc. Whenever ρ < ρc, we
set σij = 0 to represent granular disconnection. Momentum balance, ∂σij/∂xj + ρgi = ρv˙i, closes
the system for arbitrary boundary value problems, where gi is the acceleration of gravity and the
superscript dot represents the material time derivative.
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To provide stresses in rigid zones, where γ˙ = 0 and P > 0, and to aid in implementing
the above pressure and flow constraints numerically, we admit a small elastic strain component to
the deformation32. See the Supplemental Materials (section S1) for more details. As long as the
elastic stiffness is sufficiently high, the observed plastic flow behavior is unaffected and approaches
a rigid-plastic solution, a point we verified directly in our simulations.
We numerically implemented the model in 3D using a custom material model in the finite-
element package Abaqus/Explicit33 (see the Supplemental Materials S1 for details; Material defi-
nition Code is also available as a Supplementary file). We first consider problems with plane-strain
symmetry before considering general cases. No-penetration conditions are applied at the sides and
bottom of the bed and the free surface is pressure-free. Gravity is gradually ramped up to its final
value before intruder motion begins. The intruding object is represented as a fully rough, thin
object. Sample flow directions and velocity distributions for a plate intruder obtained numerically
by the continuum theory are shown in Fig. 1 and compared to DEM results in the literature for the
same geometry, having similar density and internal friction22. It is worthwhile to note that even
though our intruder boundary condition assumes a fully rough interaction, which is an inexact rep-
resentation of the condition assumed in the DEM simulation, the positive comparison suggests this
difference is not crucial.
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Figure 1 | Theoretically predicted intrusion flow fields. Speed distribution (contours) and velocity direc-
tions (arrows) created by motion of a submerged flat intruder moving rightward at 10 cm/s at two sample
orientations. Results from the continuum theory (top row) and DEM simulations from the literature22 (bot-
tom row).
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Figure 1 | Theoretically predicted intrusion flow fields. Speed distribution (contours) and velocity direc-
tions (arrows) created by motion of a submerged flat intruder moving rightward at 10 cm/s at two sample
orientations. Results from the continuum theory (top row) and DEM simulations from the literature22 (bot-
tom row).
Results from the continuum theory
To establish a potential connection between frictional plasticity and RFT, we begin by simulating
a flat intruder moving under many attack angles β and intrusion angles γ (0 < β, γ < pi) to obtain
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predictions for the resistive force plots (RFP’s) of αx and αz. For each angle pair, the drag and lift
forces acting on the plate are extracted when plastic flow is well-developed. To compare RFP’s,
we fit our continuum model parameters (µc and ρc) from reported properties of loose packed 0.3
mm glass beads5. As shown in Fig. 2, computed RFP’s of αx and αz are strikingly similar to
the experimentally obtained RFP’s for glass beads5. The only noticeable difference between the
two sets of figures is in the location of maximum drag force in the αContinuumx plot, which could be
attributed to the oversimplification of assuming a no-slip intruder boundary condition. We reiterate
that no fitting parameters were used in the constitutive model, only the reported repose angle and
density of the experimental material5.
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Figure 2 | Theoretically predicted vs experimentally obtained resistive force plots. RFP’s obtained
from frictional plasticity simulations (‘Continuum’ superscript), compared against published experimental
RFP’s5 (‘exp.’ superscript) for a media composed of glass beads. αx and αz represent resistance coefficients
in the x and z directions, respectively, γ and β are the attack angle and intrusion angle, respectively. Solid
black lines show the zero values.
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When the shape of the intruder is changed from plates to more arbitrary selections, we find
the resistive forces obtained from the continuum theory comply very well with the superposition
principle of RFT. For instance, in Fig. 3, the force distribution and resultant forces on circular-
and diamond-shaped intruders are obtained directly from finite-element implementation of the
frictional plastic model. The forces are then compared with the corresponding RFT predictions,
which use the model-generated RFP’s shown in Fig. 2. Though some errors are observed at the
edges, the force distributions from both methods show a good match, and resultant force vectors
show a near perfect correlation. This observation suggests that the deviations in force distributions
may be due to numerical variations in the explicit finite element implementation of the theory.
When the shape of the intruder is changed from plates to more arbitrary selections, we find
the resistive forces obtained from the continuum theory comply very well with the superposition
principle of RFT. For instance, in Fig. 3, the force distribution and resultant forces on circular-
and diamond-shaped intruders are obtained directly from finite-element implementation of the
frictional plastic model. The forces are then compared with the corresponding RFT predictions,
which use the model-generated RFP’s shown in Fig. 2. Though some errors are observed at the
edges, the force distributions from both methods show a good match, and resultant force vectors
show a near perfect correlation. This observation suggests that the deviations in force distributions
may be due to numerical variations in the explicit finite element implementation of the theory.   
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Figure 3 | Demonstration of the superposition principle arising from the continuum model. Distribu-
tion of force on the perimeter of two long moving objects as calculated directly from simulations of our
continuum theory (!), compared to predictions from RFT using theoretical RFP’s from figure (2) (!).
Net resistive force shown at the center of the object; the two models give nearly indistinguishable results.
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Figure 3 | Demonstration of the superposition principle arising from the continuum model. Distri-
bution of force on the perimeter of two long moving objects as calculated directly from simulations of
our continuum theory (→), compared to predictions from RFT using theoretical RFP’s from Figure 2 (→).
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Net resistive force shown at the center of the object; the two models give nearly indistinguishable results.
Intruders move horizontally with speed v. Gravity g is oriented downward.
Eq. 1 can be extended naturally to general 3D cases, to include a non-trivial out-of-plane
dimension; experiments5 have verified that surfaces whose shapes vary in the y direction also
maintain the superposition principle. To assess the generality of the RFT superposition principle
in 3D, we employ our model to study forces on a sequence of buried V-shaped intruders. Because
RFT is supposed to apply only to the leading surface of an intruder, we limit our attention to an
obtuse V geometry, with apex angle fixed at θV = 135◦, in which most orientations of the V admit
both wings to be part of the leading surface.
We consider both vertically and horizontally aligned cases for the intruder orientation, vary-
ing the orientation angle ϕ of the submerged V over many values, where ϕ denotes a pitching
angle (in vertical case) or yawing angle (in horizontal case), c.f. Fig. 4(a). For each orientation,
we impose rightward motion of the V intruder, and record the three-dimensional vector of resistive
force that arises on the intruder at steady state. Then we run two new simulations, one for each
wing of the intruder moving by itself, where the wing is simulated as a single plate maintaining the
same exact alignment, positioning, and motion that it had when it partook in the group V motion.
If RFT superposition holds, the sum of forces in the latter two tests should equal that of the full
V test. In Fig. 4(b) we perform the same sequence of tests but assume instead a zero-Reynolds
viscous fluid for the surrounding media, simulated using a similar finite-element code. All cases
engage considerable drag force in the direction of motion, as expected. The vertically aligned
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intruders experience vanishing Fy due to symmetry, and Fz switches sign at certain orientations
due to the plowing action of the intruder movement, similar to the oscillatory nature of the y-force
for the horizontal intruder. In the horizontal case, unlike the zero viscous Fz force, the intruder
in the granular bed experiences an Fz force that on average pushes upward, demonstrating the
well-known drag induced lift effect22 in granular systems.
The comparison in Fig. 4(a) shows that superposition works extremely well in frictional
plasticity for all force components. The agreement is roughly in the same range as the deviations
observed in past granular RFT experiments22, 34. In the ranges indicated in gray, the leading-surface
assumption of RFT is violated; i.e. one plate is behind the other. The agreement is not as strong in
these zones but still overall good. For this 3D study there are no analogous experimental tests in the
literature to verify the findings of the theory. The error of the RFT force prediction, |F−FRFT |/|F|,
is found to be 7.3% averaged over all orientations of the V and 3.9% when orientations that violate
the leading-surface assumption are excluded.
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Figure 4 | Validity check for superposition in 3D. The drag force, Fx (⇥), and the components of lift, Fz
(5), and lateral force, Fy (4), acting on a submerged ‘V’ intruder moving rightward with speed v at various
orientation angles, ', with respect to the motion direction. Vertical (top row) and horizontal (bottom row)
intruder alignments are both tested. Gravity g points down. Dashed lines show the corresponding forces
obtained by superposition from isolated, individual-wing tests. Rheology of the surrounding media: [Left]
Frictional plasticity (⇢c=4g/cm3, µ=0.4); [Center] Zero-Reynolds viscous fluid (⌘v=15N/m); [Right] Purely
cohesive media (⌧y=10 kPa). Intruder consists of two square plates of side length 20cm. Gray regions
indicate orientations violating the leading-edge assumption of RFT.
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Figure 4 | Validity check for superp sition in 3D. The drag force, Fx (×), and the compon nts of lift, Fz
(5), and lateral force Fy (4), acting on a submerged ‘V’ intruder moving rightward with speed v a vari us
orientation a gl s, ϕ, with respect to the motion d rection. Vertical (top row) and orizontal (bottom row)
intruder alignments are both tested. Gravity g points down. Das d lines show the corresponding forces
obtained by superposition fro isolated, individual-wing tests. Rheol gy of the surrounding media: [Left]
Frictional plasticity (ρc=4g/cm3, µ=0.4); [Center] Zero-Reynolds viscous fluid (ηv=15N/m); [Right] Purely
cohesive m di (τy=10 kPa). Intruder consists of two square plates of side length 20cm. Gray regions
indicate orientations violating the leading-edge assumption of RFT.
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In contrast, the superposition force in a viscous fluid half-space has a considerable error in
the drag direction as shown in Fig. 4(b), which is the largest force component. The total error
of the force vector is about 36% averaged over all orientations. The nontrivial component in the
lateral direction actually seems to show a good degree of superposition but this may be a coinci-
dence; when the apex angle of the V is varied, the disagreement becomes more pronounced. In
the presumably simpler case of θV = 180◦, i.e. a flat intruder, the error of viscous superposition
has significant values in this component too, leading to an average error of 42%, while the super-
position of the frictional model maintains its accuracy with an average error of about 4.6% (see
Supplemental Materials, section S4)
Analytical explanation
The results thus far have demonstrated numerically that RFT hypotheses emerge strongly from the
continuum equations of frictional plasticity. To provide an explanation as to why these equations
replicate RFT and to predict if other materials have a strong RFT collapse, we study the behavior
of resistive forces in a simple family of geometries reminiscent of a “garden hoe”. Exact solutions
to the continuum plasticity system are highly nontrivial to obtain, but in this geometry many results
can be inferred using dimensional analysis without having to solve the differential equation system.
Consider a semi-infinite half-space of frictional continuum media (see Fig. 5). Suppose a
large square-shaped intruder with edge length L is inserted into the media at angle β from the
horizontal. Its top edge remains coincident with the free surface. The intruder is translated at a
15
speed v in a direction angled γ from horizontal, producing an assumed quasi-static motion of the
material. The total resistive force Fgran on the intruder is then calculated from the continuum model.
Due to the parameters of the model, the force can only depend on β, γ, L, µc, the weight density,
ρcg, and perhaps a wall friction coefficient between the intruder and the material, µw. Define L,
L/v and ρcgL(L/v)2 as units of length, time, and mass, respectively. Non-dimensionalizing, we
find that Fgran = ρcgL3 Ψgran(β, γ, µc, µw). Redefining Ψgran by absorbing the material constants,
we have
Fgran = L
3 Ψgran(β, γ). (3)
To approximate the same force using RFT, one first computes RFP’s of αx and αz by gathering data
on the intrusion of a small plate of edge length λ  L. The above formula can be applied to the
small plate, and the result is that the RFP’s must obey
(
αx(β, γ), αz(β, γ)
)
= 2Ψgran(β, γ)/ sin β.
We then check the RFT superposition principle by integrating Eq. 1 over the surface, S, of the
L× L garden hoe to obtain
FRFTgran =
∫
S
(
αx(β, γ), αz(β, γ)
)
z dS =
∫
S
(2Ψgran(β, γ)/ sin β) z dS = L
3 Ψgran(β, γ). (4)
This formula is precisely that of Eq. 3. Likewise, RFT hypotheses agree with full frictional-plastic
continuum model solutions in the garden hoe family of geometries. Additionally, we see that
gravity and density can be lumped as a scaling constant in the vector function Ψgran. This prediction
that all resistive force plots scale linearly in ρcg for fixed friction constant(s) was validated in
additional finite-element simulations.
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Figure 5 | Schematic of an RFT litmus test geometry. The ‘garden hoe’ geometry: An arbitrarily oriented
square plate with side length L tilted at an angle   to the horizon with one edge at the free surface. It is
set into motion in an arbitrary direction shown by velocity vector v oriented at angle   to the horizon in a
semi-infinite domain of material. Gravity vector g points downward and the bottom of the plate is located at
depth z.
For comparison, consider instead a viscous fluid, which obeys the Stokes equations, ⌘ @2vi/@x2j 
@P/@xi + ⇢gi = 0, @vi/@xi = 0, for dynamic viscosity ⌘. For the same garden-hoe geometry
described above, the intrusion force, Fvisc, must depend on  ,  , v, L, and ⌘. It cannot depend on
⇢g as this term can be removed by absorbing it into the pressure in the Stokes equations with-
out altering the resultant intruder force. We choose L,L/v, and ⌘L2/v2 as the length, time and
mass units respectively, giving the dimensionless variables  ,  , and Fvisc/⌘Lv. Consequently, in
viscous media, the force on the intruder must have the form Fvisc = ⌘Lv  visc( ,  ) for some
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Figure 5 | Schematic of an RFT litmus test geometry. The ‘garden hoe’ geometry: An arbitrarily oriented
square plate with side length L tilted at an angle β to the horizon with one edge at the free surface. It is
set into motion in an arbitrary direction shown by velocity vector v oriented at angle γ to the horizon in a
semi-infinite domain of material. Gravity vector g points downward and the bottom of the plate is located at
depth z.
For comparison, consider instead a viscous fluid, which obeys the Stokes equations, η ∂2vi/∂x2j−
∂P/∂xi + ρgi = 0, ∂vi/∂xi = 0, for dynamic viscosity η. For the same garden-hoe geometry
described above, the intrusion force, Fvisc, must depend on β, γ, v, L, and η. It cannot depend on
ρg as this term can be removed by absorbing it into the pressure in the Stokes equations with-
out altering the resultant intruder force. We choose L,L/v, and ηL2/v2 as the length, time and
mass units respectively, giving the dimensionless variables β, γ, and Fvisc/ηLv. Consequently, in
viscous media, the force on the intruder must have the form Fvisc = ηLv Ψvisc(β, γ) for some
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vector-valued function Ψvisc. Absorbing the viscosity into Ψvisc, we have
Fvisc = Lv Ψvisc(β, γ). (5)
That the drag force grows linearly with L is similar to other Stokesian drag formulas; the drag on
a sphere is proportional to its radius, for example.
We now compare the above form to a superposition-based solution, and determine if the two
agree.1 We suppose an isolated areal patch of small characteristic width λ oriented at various angles
β and traveling at angles γ, and compute a local drag law. This takes the form {Force/Area} =(
ax(β, γ), az(β, γ)
)
v. Unlike the granular case, viscous rheology is pressure-insensitive, which
is why the local drag rule is independent of depth. The formula for viscous drag, Eq. 5, implies
that
(
ax(β, γ), az(β, γ)
)
= Ψvisc(β, γ)/λ. The total force is then estimated by superposition of the
local drag rule over the surface of the macroscopic geometry:
FRFTvisc =
∫
S
(
ax(β, γ), az(β, γ)
)
v dS =
L2
λ
v Ψvisc(β, γ). (6)
The result scales as L2, but this is not correct; per Eq. 5, the actual force scales as L. The
disagreement implies that the surface-superposition principle is not precise for viscous fluids. The
difference manifests due to a non-removable factor of λ, the selected micro-size, showing up in
the local drag rule. The same issue arises in the common 1D application of RFT, used for slender
1Unlike Eq. 1, the Resistive Force Theory of viscous fluids is historically an approximation developed for quasi-1D
bodies only. To compare the effectiveness of frictional vs viscous superposition on surfaces, the analogous surface-
level assumptions are considered here; we return to the 1D version of viscous RFT and compare to its frictional
counterpart in the Supplemental Information (section S2).
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bodies such as flagella and long micro-organisms. In the Supplemental Materials (section S2),
we explain how the accuracy of granular RFT continues in the limit of a slender body, while the
viscous case, by contrast, retains this small-scale geometrical dependence, taking the form of a
well-known logarithmically growing error.
Going beyond viscous fluids and frictional media, the garden hoe analysis can be applied
diagnostically to arbitrary flow models to predict new RFT’s in other materials. For example,
consider a purely cohesional, rate-independent media, which can be modeled as a non-Newtonian
fluid whose viscosity takes the form τy/γ˙ for some constant yield stress τy. Such a model describes
the flow of certain gels35, pastes36, and muds 37 when strain-rates are small-enough to neglect
dependence of flow stress on γ˙. In this material model, the intruder force can only depend on β, γ,
L, and τy. We define L, L/v and τyL(L/v)2 as units of length, time, and mass, respectively. Non-
dimensionalizing, we find Fcoh = τyL2 Ψcoh(β, γ, τy). Redefining Ψcoh by absorbing the material
constants, we obtain Fcoh = L2 Ψcoh(β, γ). We now write cohesive RFT and check if it agrees
with this relation. Applying the previous relation to a small plate with length λ, the force per area
must obey Fcoh/λ2 = 2Ψcoh(β, γ)/ sin β ≡
(
αx(β, γ), αz(β, γ)
)
. Superposing this local drag rule
over the original L× L object gives
FRFTcoh =
∫
S
(
αx(β, γ), αz(β, γ)
)
dS = L2 Ψcoh(β, γ). (7)
The agreement between Fcoh and FRFTcoh means this material model has potential to possess a strong
RFT. Our prediction is confirmed in V-intruder tests in Fig. 4(c); the error of the RFT estimate,
|F− FRFT |/|F|, is found to be 17% over the entire range orientations, and 2.8% when neglecting
the orientations violating the leading edge requirement (in grey). The RFT in cohesional media
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shown here has, to our knowledge, never previously been identified.
Outlook
The granular constitutive model we have used in this work was chosen to capture salient granular
flow behaviors — a frictional, cohesionless constitutive relation — and we have shown that this
bare description is sufficient to bring about RFT. Evidently there is more to the rheology of gran-
ular flow than these essential behaviors and there are certainly limits where additional effects can
become significant. The Supplemental Materials, section S3, provides more discussion on how
inclusion of effects such as rate-sensitivity, nonlocality, or stress-dilatancy may influence the su-
perposition results. However, because the two essential properties used in our approach are still
the foundations of these more detailed constitutive approaches, any additional effects from these
sources, for intrusion problems in the typical regimes discussed in this paper, should be within the
margin of error between our theoretically obtained RFP’s and the experimentally reported values
in the literature.
The analysis in the garden-hoe geometry appears to have utility as a litmus test to discern
which rheologies can have a strong RFT. Finite-element implementations verify the predictions
made by this analytical method as shown in Fig. 4. While it is certainly a necessary condition for
strong RFT-type superposition in a material, the fact that RFT continues to work beyond the flat
garden-hoe family, on surfaces with curves and kinks, may be related to hyperbolicity in the ma-
terial’s governing equations. For example, frictional (and cohesional) plasticity form a hyperbolic
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system in space (in quasi-static 2D conditions), with stress characteristics extending from bound-
aries along ‘slip-lines’38. This produces domains of dependence in the material such that stresses
in certain zones can be attributed to the traction on a specific part of the surface of the intruder.
This is in sharp contrast to viscous fluids, in which the equations are elliptic, and the stress at any
point on an object’s surface is influenced by the motion and shape of the object’s entire boundary.
In much the same way the methods described herein have shown capable of predicting and
confirming stronger or weaker RFT’s in different materials, a major implication of the work is
the possibility to identify and detail new RFT’s in other flowable materials when new applications
arise. As the garden hoe analysis is straightforward to apply, we have noticed other problem setups
that pass the test and would be worthy of further investigation including intrusion in frictional plas-
tic substrates tilted at an incline to gravity, which could have implications in modeling sidewinding
up granular inclines39, and intrusion through inviscid fluids, which draws potential similarities
with assumptions made in the Blade Element Theory of rotors40. By nature of the reconciliation of
RFT with mechanics, reverting to the mechanical foundation could be a useful tool in determining
RFT input data (RFP’s) in circumstances difficult to measure experimentally, such as intrusion in
micro-gravity. It is also possible, through study of the underlying mechanics, that broader versions
of RFT may exist in more general interaction problems between structures and flowable media,
beyond intrusion geometries.
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1 Supplementary Materials
The goal of these supplementary materials is to provide more details about the modeling tech-
niques, background, and calculations presented in the main manuscript of this paper. We describe
different components of the finite-element approach followed by a more detailed discussion of the
dimensional analysis and further numerical demonstrations.
Granular RFT is inspired from a similar reduced order approximation for viscous fluids. Vis-
cous RFT, also known as local drag theory, has been used to estimate for the speed of swimming
micro-organisms at low Reynolds numbers19 and to study mobility of cells10, 21. Unlike its gran-
ular counterpart, viscous RFT is mathematically reconcilable, arising from an approximation in
the Stokeslet integral form of the solution to the system. Despite its lack of a similar founda-
tion, experimental tests of granular RFT have demonstrated surprising effectiveness in predicting
resistive forces on, and consequent locomotion of, arbitrarily shaped bodies moving in granular
materials5, 22, 23, frequently achieving an accuracy higher than its viscous counterpart.
We next provide a detailed description of our proposed constitutive modeling approach im-
plemented numerically using the finite-element method package Abaqus.
S1. Numerical solution procedure
Elasticity-augmented constitutive relation – As outlined in the main paper, the deformation
behavior of the granular material is modeled using a non-hardening Drucker-Prager (DP) yield
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criterion (constant µc). When implementing the model, we assume a small portion of the defor-
mation is elastic, which closes the system mathematically in regions of non-flowing material, and
provides a natural route to implementing the pressure constraints previously described. The model
then takes the form of a simple hypo-elastic-plastic formulation. At any time, the deformation
gradient Fij is used to construct the velocity gradient ∂vi/∂xj = F˙ikF−1kj , which is divided into a
symmetric stretching component Dij and anti-symmetric spin component Wij . The dot represents
the Lagrangian time derivative. The stretching is further decomposed into elastic and plastic parts
Dij = D
e
ij +D
p
ij . Denoting the elastic shear and bulk moduli of the granular material by G and K
respectively, the constitutive relationship for the stress is established by a rate form of elasticity if
material is in a dense state (i.e. ρ ≥ ρc). Assuming the Jaumann rate, we have:
σ˙ij −Wikσkj + σikWkj = KDekkδij + 2G(Deij −Dekkδij/3), if ρ ≥ ρc
σij = 0, if ρ < ρc
(S1)
where σij is the Cauchy stress as described in the main paper. The above relationship asserts
the material is stress-free if density falls below the critical density ρc, indicating a disconnected
or ‘open’ material state. While granular disconnection is a common occurrence in large flow
processes, representing this phenomenon within a plastic flow rule is a relatively new proposition41.
The Cauchy stress is further divided into a hydrostatic pressure part given by P = −σkk/3 and a
deviatoric part σ′ij = σij+Pδij , which is used to define the equivalent shear stress, τ¯ =
√
σ
′
ijσ
′
ij/2.
The plastic strain-rate, Dpij , is uniquely defined to ensure the following conditions: (1) D
p
ij = λσ
′
ij ,
(2) λ = 0 if τ¯ < µcP , (3) λ > 0 only if τ¯ = µcP , and (4) τ¯ ≤ µcP . The next section details how
this system of updates and constraints is implemented numerically.
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Update step – Given the stress and deformation gradient at time t, σtij and F tij respectively, as
well as the new deformation gradient, F t+∆tij , the goal is to obtain the updated stress σ
t+∆t
ij . We
begin41 by calculating the updated density ρt+∆t = ρt=0/J where J = det(F t+∆tij ) is the Jacobian.
In all our simulations, we assume ρt=0 = ρc; because we gradually ramp up gravity, the system
begins as a granular assembly barely in contact and at zero pressure. If the deformed density is
smaller than the critical density we set σt+∆tij = 0 according to Eq. S1. Otherwise, we proceed to
obtain updated stress σt+∆tij using a variant of the radial return algorithm
42 as we describe next.
We start by assuming a purely elastic step, i.e. Dpij = 0, under Eq. S1, which updates the
stress to a “trial stress” state (σtrij ). If the trial stress results in an equivalent shear stress τ¯
tr =√
σtr
′
ij σ
tr′
ij /2 that is less than µcP
tr, it is accepted as the updated stress. If not, it is then adjusted
by
σt+∆tij = σ
tr′
ij µcP
t+∆t/τ¯ tr − P t+∆tδij. (S2)
Since P tr = P t+∆t due to the isochoric plastic flow assumption, the effective shear stress τ¯ is seen
to reduce following a constant pressure route to reside on the yield surface and σt+∆tij is updated
accordingly. This essentially represents usage of a tangent modulus to return the trial stress state
σtrij back to the yield surface at the end of the increment
42.
Encoding the material model and geometric inputs – The constitutive relation is implemented
as a custom VUMAT subroutine (See Supplementary file ’Granular-VUMAT.f’) in the Abaqus
finite element package. For problems in quasi-2D conditions, we use a one element thick bed of
material with in-plane nodal constraints to ensure plane-strain motion. We model the intruder as
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a rigid set within the body that moves at an assigned, constant rate. This choice relinquishes the
need to define a complex contact routine between multiple objects, which would bring in additional
contact parameters. This simplicity comes with the cost that the simulation conditions are not
exactly the same as the experimental conditions used in the literature. We showed in the main
paper that this assumption does not bring significant error compared to experimental data. To
obtain αContinuumx and α
Continuum
z , the same mesh is used for a given attack angle (β=constant) and
only the direction of the intrusion angle γ is adjusted to minimize mesh effects. A similar approach
is employed for the three-dimensionally varying flows in terms of the intruder representation. In
these tests, the exact same mesh structure is used for horizontal and vertical V-shaped intruders to
eliminate any attribute of mesh dependence.
Simultaneous dense and disconnected matter – In the case of a flat plate traveling within gran-
ular material, for example, one would expect free space to be created behind the intruder which is
filled by material falling into the space from above. This process should cause reduced density in
the trailing path of the intruder, which is clear in our simulations as shown in Fig. S1.
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Figure S1 | Dense vs. open states. Plot of the local density in a granular bed using the frictional plasticity
model, solved via FEM. The flat, vertical intruder is moving rightward. Densities below ρc = 2 g/cm3
denote disconnected material in an ‘open state’.
Pressure distribution in the granular bed – The pressure field in a static granular bed can match
a lithostatic distribution in an initial, unperturbed, virgin state. As soon as the granular bed is
disturbed with movement of an intruder, the pressure distribution undergoes a dramatic shift, as the
stress field reorients based on the strain-rate field. Considerable localization of pressure has been
shown to occur 30, 31 similar to the results from our continuum model. Fig. S2 shows two snapshots
of the pressure distribution before and after movement of the intruder, showing the localization
of pressure upon plastic deformation. The figure confirms that the granular stress field is non-
lithostatic in an extended subregion containing the intruder, marked by a large stress concentration
ahead of the intruder, and an approximately vanishing stress behind it.
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Figure S2 | Pressure distribution before and after rightward movement of an intruder. Intruder is 0.2m
long buried at a depth of 0.3m simulated within a frictional plasticity finite-element model for glass beads.
Pressure plotted in kPa.
S2. Resistive force theory for slender bodies
A surface-level form of RFT was presented in the main paper. Here, we analyze the more classical
version applicable to slender bodies, which can be obtained as a cross-sectional integral of the
surface-level form. In slender-body RFT, one assumes a velocity- and orientation-dependent local
formula for the resistive force per length. In the granular case, the formula also contains depth-
dependence 22. The force per length can be computed from the drag on an isolated small segment,
whose length is characteristic of small-scale motion in the whole; for example, the wavelength of
an undulating swimmer 19.
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Figure S3 | Study of slender-body RFT on long rods. Schematic diagram.
The strength of the RFT superposition assumption can be studied in the case of a (neutrally
buoyant) horizontal rod of length L and radius a, aligned (without loss of generality) in the x-
direction, traveling horizontally with speed v in a direction φ from the tangent to the bar, as shown
in Fig. S3. In viscous fluid, the force on such a rod is known to obey the classical Stokes drag
formula
Fvisc ∼ ηvL
logL/a
c(φ) (8)
for large L/a. To use RFT for the same problem, we can choose an isolated segment of length
λ < L as the reference length, use the above formula with length λ to calculate the force-per-
length relation, and then use superposition to estimate the force on a bar of length L. One finds19, 43
the relative error of the RFT prediction grows ∼ log(L/λ).
The reason for the logarithmic error relates to the fact that there is no 2D solution, finite at in-
finity, for Stokes flow around a circular obstacle, a result known as “Stokes’ Paradox”. Hence, long
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rods never achieve a constant force-per-length independent of their length. Dimensional analysis
explains this result44; a force-per-length variable in the 2D limit can only take the form
Fvisc/L = ηv c(φ) (S5)
which is contradictory — the formula purports that the drag force is independent of the body’s
radius a, even as a → 0. This means that the force-per-length in viscous fluids is never L-
independent.
In the case of a frictional media, there is no such paradox. Dimensionally, the force-per-
length can depend on φ, a, v, the granular weight density, ρcg, the internal friction, µc, depth, z,
and rod surface friction, µw. The dimensionless force-per-length (Fgran/L)/ρcga2 is thus a function
of the dimensionless inputs φ, µc, µw, L/z, and a/z, implying
Fgran/L = ρcga
2 cgran(φ, µc, µw, z/a). (S3)
for some function cgran. This result has a physical dependence on a and corroborates our frictional
plasticity simulations (see Fig. 3 in the Main Text) and previous studies45. As such, as long as
L a, and one considers points further than O(a) from the rod’s ends, the force-per-length along
the rod attains a uniform, constant value independent of L. Consequently, slender-body RFT in
frictional media approaches the exact solution when applied to a long straight rod.
S3. The influence of additional granular constitutive phenomena on the reduction to RFT
We discuss how a more detailed granular constitutive model is likely to affect the collapse to RFT.
Rate-dependence in granular rheology arises through a rate-sensitive coefficient of friction µc(I)
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where the inertial number is I = γ˙d/
√
P/ρs with γ˙ the shear-rate, d the particle diameter, P the
pressure, and ρs the solid grain density. Generally speaking, when this number is larger than∼ 0.1
the the variation of µc with I is non-negligible46. Defining units of length, time and mass as L, L/v
and ρcgL3/v2 respectively, we revisit our dimensional analysis of the garden hoe test and arrive
at an additional dimensionless group IG = v2d2/gL2 that accounts for inertial effects. Similarly,
one could also include particle size-effects in the constitutive behavior, to account for the local
strengthening of material that can occur if boundary features are small. This could become non-
negligible when d/L is greater than ∼ 0.1 27, 47. Supposing size- and rate- dependent phenomena
are included in the rheology and the problem is in a regime where either or both of these effects
could matter, dimensional analysis of the garden hoe test instructs us to expect an extended general
answer of the form
Fgran = ρcgL
3Ψgran
(
µc, µw, b, β, γ,
v2d2
gL2
,
d
L
)
. (S6)
Upon selecting a small reference length λ, the above formula yields an RFP relation (αx, αz) =
2Ψgran(β, γ,
v2d2
gλ2
, d
λ
)/ sin β. Superposing this result over the garden-hoe surface, the RFT result is
FRFTgran = ρcgL
3Ψgran
(
µc, µw, b, β, γ,
v2d2
gλ2
,
d
λ
)
. (S7)
The lingering dependence of the superposition results on λ within the arguments of Ψgran could
potentially cause the RFT prediction of (S7) to differ from the exact answer in (S6). Note that if
IG is large enough to affect Ψgran, αx and αz will depend explicitly on the speed, contrary to the
rate-independent RFP’s that arise in the main text of the paper.
One could also include history and state-variable dependence in the constitutive model. Con-
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trary to our simplifying assumption of a single value of µc, the packing fraction Φ is known to
influence the internal friction coefficient, and the two variables obey a coupled evolution before
material reaches a steady state of constant-volume shearing, known as the critical state25. Critical
state models can be written that attempt to model the evolution of these two variables and capture
the salient behaviors of granular flow above and below the critical state packing fraction, Φssc . A
stress-dilatancy critical-state framework can be imposed48, 49, a particularly straightforward one of
which is a coupled system of the form
µc = µ
ss
c + (Φ− Φssc )χ (9)
dΦ
dt
= −(Φ− Φssc )Φχγ˙ (10)
where χ is a dimensionless constant and µssc is the friction coefficient at the critical state packing
fraction. Note that if the packing fraction is above Φssc the material experiences shear-weakening
under (constant-pressure) shearing; initially µc > µssc and µc summarily decreases to µ
ss
c during
flow. The opposite occurs if Φ is initially less than Φssc . These flow strength dynamics cause
the character of flow in dense material to have qualitative differences compared to flows in loose
material. Shear-weakening behavior is well-known to lead to flow instabilities in the form of shear
bands, whereas shear-strengthening materials invoke smooth flow features. This may explain the
appearance of force fluctuations and unsteady flow behavior during intrusion in densely prepared
materials, and the comparatively smaller fluctuations in loose grains12, 50.
Even so, the garden-hoe test gives insight into why initially loose or dense granular systems
both tend to obey RFT superposition, at least in a time-averaged sense. In view of the geometric
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setup of this test from the main text, suppose an arbitrarily oriented square plate of width L is
quasi-statically driven through a bed of stress-dilatant media at some initial packing fraction Φi.
The time-averaged intrusion force, Fgran, can depend only on L, v, β, γ, µw, ρsg, Φi, Φssc , µ
ss
c , and
χ, where ρsg is the weight density of a single grain. Nondimensionalizing yields,
Fgran = ρsgL
3Ψgran (µ
ss
c ,Φ
ss
c , µw,Φi, χ) . (11)
Because all the arguments of Ψgran are independent of L and the prefactor goes as L3, as was the
case in our simple frictional plasticity model, then in exactly the same manner as in the frictional
plasticity analysis the stress-dilatant material model will have a perfect correspondence between
Fgran and the RFT-superposition value based on data from smaller plates.
S4. 3D superpositions tests in flat geometries
In the main paper, we evaluated the validity of the superposition principle in frictional media and
viscous fluid for a V-shaped intruder. In this section we repeat the study for ‘straight V’. The
procedure is exactly similar to what was described in the main paper. Fig. S4 shows the resistive
forces found by superposition of two individual plates versus the actual resistive force for a twice
longer flat plate. The norm of the error in the frictional case is 6.5 % which is similar to what was
found for V-shape intruder. The same geometry in a viscous fluid shows a norm of error about
42%. Interestingly, the V-shaped intruder shown previously has smaller lateral force.
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Figure S4 | Evaluation of superposition for a flat intruder. Finite-element results for the drag force,
Fx, acting on a rightward moving submerged flat intruder (×), and the components of lift, Fz (5), and
lateral force, Fy (4), compared with superposition values (dashed) at various orientation angles, ϕ, for
horizontal intruder alignments in (a) frictional media (left, ρc = 4g/cm3, µ =0.4) and (b) viscous fluid
(right, ηv=15N/m). Intruder consists of two square plates of side length 20cm at a depth of 60cm.
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